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We study numerically the dynamical instabilities and splitting of singly and doubly quantized composite vor-
tices in nonrotated two-component Bose–Einstein condensates harmonically confined to quasi two dimensions.
In this system, the vortices become pointlike composite defects that can be classified in terms of an integer pair
(κ1,κ2) of phase-winding numbers. Our numerical simulations based on zero-temperature mean-field theory re-
veal several vortex splitting behaviors that stem from the multicomponent nature of the system and do not have
direct counterparts in single-component condensates. By calculating the Bogoliubov quasiparticle excitations
of stationary axisymmetric composite vortices, we find complex-frequency excitations (dynamical instabilities)
for the singly quantized (1,1) and (1,−1) vortices and for all variants of doubly quantized vortices, which we
define by max j=1,2|κ j| = 2. While the predictions of the linear Bogoliubov analysis are confirmed by direct time
integration of the Gross–Pitaevskii equations of motion, the latter also reveals intricate long-time decay behavior
not captured by the linearized dynamics. Firstly, the (1,±1) vortex is found to be unstable against splitting into
a (1,0) and a (0,±1) vortex. Secondly, the (2,1) vortex exhibits a two-step decay process by splitting first into
a (2,0) and a (0,1) vortex followed by the off-axis splitting of the (2,0) vortex into two (1,0) vortices. Thirdly,
the (2,−2) vortex is observed to split into a (−1,1) vortex, three (1,0) vortices, and three (0,−1) vortices. Each
of these exotic splitting modes is the dominant dynamical instability of the respective stationary vortex in a
wide range of intercomponent interaction strengths and relative populations of the two condensate components
and should be amenable to experimental detection. Our results contribute to a better understanding of vortex
physics, hydrodynamic instabilities, and two-dimensional quantum turbulence in multicomponent superfluids.
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I. INTRODUCTION
Quantized vortices are (D− 2)-dimensional topological de-
fects in a spatially D-dimensional system that exhibits long-
range quantum phase coherence; here D ∈ {2, 3}. These quan-
tum whirlpools have been studied in a variety of different sys-
tems and branches of physics such as helium superfluids [1],
superconductors [2], neutron stars [3], cosmology [4], and op-
tics [5]. Their creation and observation in Bose–Einstein con-
densates (BECs) of dilute atomic gases in 1999 [6] and the
subsequent detection of regular vortex lattices [7–9] were im-
portant demonstrations of the superfluidity of the gaseous con-
densates. Since then, the study of vortices in dilute BECs has
flourished [10, 11], in part because the highly controllable,
state-of-the-art BEC experiments now allow for the vortices
to be directly imaged and their motion tracked with good spa-
tial and temporal resolution [12–16]. Owing to these unique
possibilities, vortices in BECs have recently been investigated
very actively in the context of two-dimensional quantum tur-
bulence [17–22].
In principle, a quantized vortex in a BEC can carry any in-
teger number of circulation quanta. However, it is well known
that a vortex with a winding quantum number greater than
unity typically has a higher energy than the corresponding
number of separated single-quantum vortices. Consequently,
such multiply quantized vortices have a tendency to split into
single-quantum vortices, which is a manifestly nonlinear phe-
nomenon that has been the subject of interest in both theoreti-
cal [23–34] and experimental [35–38] investigations. More-
over, recent studies have addressed using the splitting of a
multiquantum vortex with a sufficiently large winding number
(i.e., a “giant” vortex) as a means to generate quantum turbu-
lence with controllable net circulation [39–44]. Besides be-
ing interesting due to their splitting behavior, multiply quan-
tized vortices could be used to realize bosonic quantum Hall
states [45] or implement a ballistic quantum switch [46].
The aforementioned studies of vortex splitting [23–38]
were conducted for a solitary scalar BEC, which is de-
scribed by a single C-valued order parameter. However, vor-
tex physics becomes much more diverse when multiple, say
K ∈ N, scalar condensates come into contact, interact with
one another, and thereby constitute an K-component BEC de-
scribed by a CK-valued vectorial order parameter. Already the
simplest multicomponent system, the two-component BEC
corresponding to K = 2, has been found to exhibit many
stable vortex structures not encountered in single-component
BECs, such as coreless vortices [6], square vortex lattices [47–
49], serpentine vortex sheets [50], triangular lattices of vor-
tex pairs [49], skyrmions [51–53], and meron pairs [54, 55].
Although presently only the coreless vortices [6] and square
vortex lattices [48] from this list have been verified exper-
imentally, studies of exotic vortex configurations in two-
component BECs are becoming more and more within reach
of state-of-the-art experiments. To date, production of two-
component BECs has been demonstrated in systems involving
either two distinct elements [56–65], two different isotopes of
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2the same element [66–68], or two different spin states of the
same isotope [6, 48, 69–72].
Besides the vast array of static vortex structures listed
above, two-component BECs are also expected to exhibit
more intricate vortex dynamics than the single-component
system. This is certainly the case for the splitting of vortices,
already because vortices must then be characterized by two in-
teger winding numbers instead of just one, leading to compos-
ite vortices that have no single-component counterparts. Apart
from few earlier studies, the stability properties and splitting
dynamics of such vortices remain largely unknown. The ex-
citation spectra and the related instabilities of axisymmetric
vortex states in harmonically trapped two-component BECs
were studied by Skryabin [73], but only for cases where just
one of the components contains a vortex. Ishino, Tsubota, and
Takeuchi [74] studied the stability and splitting of so-called
counterrotating vortex states, in which the two components
host vortices of equal but opposite quantum numbers, and
found exotic splitting patterns where each of the two vortices
splits into both vortices and antivortices. However, Ishino et
al. did not study other types of composite vortices and limited
the investigation only to particular interaction strengths and
number-balanced systems. In addition, the related but distinct
problem of dynamical instabilities of coreless vortices in spin-
1 BECs (for which K = 3) was investigated in Refs. [75, 76].
Motivated by the limited amount of existing literature rela-
tive to the expected richness of the phenomenon, we investi-
gate here the splitting dynamics and underlying dynamical in-
stabilities of axisymmetric singly and doubly quantized com-
posite vortices in harmonically trapped two-component BECs
using a wider set of system parameters than was done in
Refs. [73, 74]. Our numerical simulations based on the Gross–
Pitaevskii and Bogoliubov equations reveal vortex splitting
behaviors that do not appear for multiply quantized vortices in
single-component BECs: Firstly, we detect dynamical insta-
bilities even for vortex states where neither component hosts
a multiquantum vortex. Secondly, some dynamically unsta-
ble composite vortices are observed to exhibit a split-and-
revival phenomenon that involves splitting and subsequent
fusing of its constituent vortices. Thirdly, we find that a dou-
bly quantized vortex in one component, when accompanied by
an oppositely charged vortex in the other component, tends
to split into three single-quantum vortices and one single-
quantum antivortex. Such a threefold-symmetric splitting pat-
tern is in drastic contrast to a doubly quantized vortex in a
single-component BEC, which can only split into two single-
quantum vortices of the same sign. Our results demonstrate
that this peculiar splitting mode is dominant over a large re-
gion of the system parameter space, can be visually identified
by counting the emerging vortices, and should therefore be
amenable to experimental verification.
The remainder of this article is organized as follows. In
Sec. II, we present the zero-temperature mean-field theory of
two-component BECs and describe how it is employed in our
numerical simulations. Section III presents our results on the
dynamical instabilities and splitting of doubly quantized com-
posite vortices. In Sec. IV, we discuss the main results of the
work, their implications, and possible future extensions.
II. THEORY AND METHODS
A. Gross–Pitaevskii model and composite vortices
Our theoretical treatment starts from the coupled time-
dependent Gross–Pitaevskii equations for two Bose–Einstein
condensates in an axisymmetric harmonic trap [77],
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where (r, φ) are the polar coordinates, j ∈ {1, 2}, and the
order-parameter fields Ψ j are normalized such that ‖Ψ j‖ B[! |Ψ j (r, φ)|2r dr dφ]1/2 = N1/2j . Here N j, m j, and ω j denote,
respectively, the total number, the mass, and the radial har-
monic trapping frequency of component j atoms. For sim-
plicity, we limit our attention to quasi-two-dimensional con-
figurations pertaining to highly oblate traps with strong axial
confinement and Ψ j approximately Gaussian in the axial di-
rection. The intraspecies interaction strengths g j j are assumed
to be positive, whereas for the interspecies parameter g12 we
consider all values such that g212 < g11g22, which corresponds
to the so-called miscible regime.
In this work, we are interested in the instabilities and split-
ting of axisymmetric vortex states. To this end, we seek sta-
tionary solutions to Eqs. (1) of the form
Ψ j (r, φ, t) = f j (r) eiκ jφe−iµ jt/~, (2)
where κ j ∈ Z designates the phase winding number, i.e., the
charge, of the central vortex in component j. The chemical
potential µ j is employed to ensure the proper normalization
‖ f j‖2 = N j. Correspondingly, Eqs. (1) reduce to two coupled
nonlinear ordinary differential equations for f1 and f2:
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(3)
We shall refer to the lowest-energy solutions of Eqs. (3) for
a given winding-number pair as a stationary (κ1,κ2) vortex.
Here the notion “(κ1,κ2) vortex” is defined more generally as a
sufficiently pointlike phase defect about which arg (Ψ1) winds
by κ1 × 2pi and arg (Ψ2) by κ2 × 2pi. Furthermore, we define
here a “κ-quantum composite vortex” as a (κ1,κ2) vortex for
which max j|κ j| = κ.
B. Linear stability analysis
To study the stability properties of a given stationary (κ1,κ2)
vortex, we decompose the order-parameter components as
Ψ j(r, φ, t) = e−iµ jt/~eiκ jφ
[
f j(r) + χ j(r, φ, t)
]
, (4)
3where the function χ j is assumed to be small in the sense that
‖χ j‖2  N j. By substituting Eqs. (4) into Eqs. (1), omitting
the second- and third-order terms in χ j, and seeking oscilla-
tory solutions of the form
χq, j(r, φ, t) =
∑
q
∑
l∈Z
[
u(l)q, j(r)e
ilφ−iω(l)q t + v(l) ∗q, j (r)e
−ilφ+i(ω(l)q )∗t
]
,
(5)
we obtain the Bogoliubov equations
B(l)w(l)q (r) = ~ω(l)q w(l)q (r), (6)
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In Eq. (5), the integer l specifies the angular momentum of
the excitation (in units of ~) with respect to the condensate,
and q ∈ N is an index for the different eigensolutions with
the same l. The diagonal of the matrix operator B(l) in Eq. (7)
comprises the linear differential operators
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where k ∈ Z.
Equations (6) can be used to determine the stability charac-
teristics of the stationary vortex state in question. If there ex-
ists an integer l ∈ Z for which the excitation spectrum {ω(l)q }q
contains at least one eigenfrequency ω(l)q with a positive imag-
inary part Im(ω(l)q ) > 0, the state is dynamically unstable; oth-
erwise, the state is dynamically stable. On the other hand,
if the spectrum of a dynamically stable state contains an ex-
citation with a real negative eigenfrequency ω(l)q < 0 and a
positive quasiparticle pseudonorm ‖u(l)q, j‖2 − ‖v(l)q, j‖2 for some
l, the state is energetically unstable; otherwise, it is (locally)
energetically stable.
As can be observed from Eq. (5), the occupations of exci-
tation modes with Im(ω(l)q ) > 0 are predicted to increase ex-
ponentially in time, and consequently small perturbations of
a dynamically unstable stationary state typically lead to large
changes in its structure. For dynamically unstable multiquan-
tum vortices, in particular, the complex-frequency modes are
usually tantamount to instability against splitting of the multi-
ply quantized vortex into singly quantized ones; in the case of
a dynamically unstable (κ1,κ2) vortex with at least one |κ j| ≥ 2,
the quantity maxlmaxq[Im(ω
(l)
q )] and the maximizing winding
number l can be used to estimate, respectively, the character-
istic lifetime and the symmetry of the typical splitting pattern
of the composite vortex [23]. It should be noted, however,
that the dynamically unstable modes quickly drive the system
beyond the linear regime of Eq. (5), and hence the long-time
dynamics of dynamically unstable states must instead be de-
scribed with the time-dependent GP equations (1).
C. Time-evolution simulations
To go beyond the linear regime of the Bogoliubov stability
analysis, we simulate the full two-dimensional dynamics of
the unstable composite vortices by directly evolving the time-
dependent GP equations (1) in time. The time evolution is
performed with a split-step Crank–Nicolson method [78, 79]
adapted for two-component BECs [80]. To obtain a conve-
nient initial state, we first propagate Eqs. (1) in imaginary
time, which formally corresponds to replacing t with −iτ,
τ ≥ 0. Furthermore, at each imaginary-time step we apply
the transformation
Ψ j(r, φ)→
N1/2j
‖Ψ j‖ |Ψ j(r, φ)|e
iκ jφ, (9)
which enforces the proper normalization and introduces a
vortex of charge κ j into the center of component j. The
imaginary-time evolution is continued until the solution has
approximately converged. The resulting near-equilibrium
state, which can be viewed as comprising the stationary (κ1,κ2)
vortex and a small-amplitude perturbation as in Eq. (4), is then
used as the initial (t = 0) state for Eqs. (1) and propagated in
real time until the composite vortex has decayed. The time-
evolution computations are done using a square spatial grid of
250 × 250 points with a grid spacing of ∆x = ∆y ≈ 0.05 aosc
and a time step of ∆t = 3 × 10−5/ω1.
D. Parametrization
In the numerics, we cast Eqs. (1), (3), and (6) into dimen-
sionless form by measuring energy, time, and length in units
of ~ω1, ω−11 , and aosc =
√
~/m1ω1, respectively, and nor-
malizing the dimensionless order parameters to unity. This
results in a model that can be fully specified in terms of
six dimensionless real parameters, namely, m2/m1, ω2/ω1,
Γ B g12/
√
g11g22, g22/g11, P B (N1 − N2)/(N1 + N2), and
geff B m1(N1g11 + N2g12)/~2, along with the vortex wind-
ing numbers (κ1,κ2) ∈ Z2 [81]. To make systematic numer-
ical analysis feasible, we will reduce the number of free pa-
rameters in the problem. Throughout the work, we will set
ω1 = ω2 and m1 = m2, corresponding physically to a two-
component BEC formed from two different spin states of the
same atomic isotope. For the winding numbers κ1 and κ2, we
assume κ1 ∈ {1, 2} and |κ2| ≤ κ1, which amounts to limiting
our study to all truly different singly and doubly quantized
composite vortices, of which there are three and five variants,
respectively [82].
For the remaining parameters Γ, P, g22/g11, and geff , we
will use two different parameter sets. The first parameter
set, which we shall refer to as S 1, will be used for the lin-
ear stability analysis to obtain vortex stability diagrams in
the parameter plane of the relative intercomponent interaction
strength Γ ∈ (−1, 1) and the “polarization” P ∈ (−1, 1) for
each winding-number pair under consideration. These two pa-
rameters are chosen as the “phase space” parameters because
they are the most relevant to our purpose of studying how the
4coupling between the two components affects the composite-
vortex stability. The parameter g22/g11, on the other hand,
will be scaled in S 1 such that both components have the same
radius in the Thomas–Fermi approximation in the absence of
vortices, yielding the relation
g22
g11
=
[ √
1 − (1 − Γ2) P2 − PΓ]2
(1 − P)2 . (10)
When Eq. (10) holds, the vortex-free Thomas–Fermi radius
will be determined by the effective overall interaction strength
geff , which in S 1 is fixed at the representative value geff =
1000. As a result, in S 1 both BEC components will have
an outer radius approximately equal to R = aosc 4
√
4geff/pi =
5.97×aosc independent of the values of Γ and P. We have con-
firmed that the axisymmetric vortex-free state (κ1,κ2) = (0,0)
of S 1 is locally energetically stable in the whole domain
(Γ, P) ∈ (−1, 1)× (−1, 1), which indicates that any instabilities
found in the stability diagrams of this work are tantamount to
the presence of the vortices in the system [83].
The second parameter set, which we denote by S 2, will
be used in all the time-evolution simulations of this work,
and is designed to make the connection to BEC experiments
clearer. To this end, we choose S 2 according to the already
realized two-component BEC of the 87Rb hyperfine states
|F = 1,mF = −1〉 C |1〉 and |F = 2,mF = +1〉 C |2〉 [70, 84].
We use a harmonic potential with radial trap frequencies
ω1 = ω2 = 2pi × 30.832 Hz [84] and set the ratios of the axial
to radial trapping frequencies to ωz,1/ω1 = ωz,2/ω2 = 40.0,
which ensures that µ j  ~ωz and renders the system quasi-
two-dimensional. The harmonic oscillator length for this con-
figuration is aosc = 1.94 µm. For the total numbers of atoms,
we use the representative values N1 = N2 = 2× 103, implying
that P B (N1−N2)/(N1 +N2) = 0. The intraspecies scattering
lengths a11 and a22 are 100.4 aB and 95.44 aB [85], respec-
tively, where aB is the Bohr radius. On the other hand, the
interspecies scattering length a12 of this mixture can be var-
ied with a magnetic Feshbach resonance [86–88], which mo-
tivates us to use several values for the intercomponent interac-
tion strength Γ B g12/
√
g11g22 = a12/
√
a11a22 [89]. Despite
the specific nature of S 2, it turns out to be general enough for
exhibiting the main features of composite-vortex splitting that
we will encounter in S 1. We expect the conclusions drawn
from S 1 and S 2 to apply at least qualitatively to other types of
two-component BECs as well.
III. RESULTS
In this section, we present and analyze the instability dia-
grams of singly (Sec. III A) and doubly (Sec. III B) quantized
composite vortices and illustrate the corresponding dynamics
with representative examples from the time-evolution simula-
tions [90]. To obtain the stability diagrams for each winding
number pair (κ1,κ2), we first find the stationary axisymmet-
ric vortex states by solving Eqs. (3) over the two-dimensional
parameter space (Γ, P) ∈ (−1, 1)× (−1, 1), with other parame-
ters chosen according to the parameter set S 1. We then solve
Eqs. (6) for each stationary solution over all relevant values
of l ∈ Z and determine, in particular, the magnitude of the
dominant dynamical instability, maxlmaxq[Im(ω
(l)
q )], and the
winding number ldom for which this maximum occurs. Al-
though in principle we should consider all integer values of
l, numerical evidence indicates that it suffices to consider
here only the cases |l| ≤ 5. Moreover, due to symmetries
of Eqs. (6), ldom can only be determined up to a sign. The
various vortex-splitting behaviors encountered in the resulting
two-dimensional diagrams are then illustrated with the corre-
sponding vortex decay dynamics using Eqs. (1) and the ex-
perimentally motivated parameter set S 2. Although we have
systematically performed this analysis for all three variants
of single-quantum composite vortices and five two-quantum
composite vortices, brevity compels us to present some of the
less interesting results in Appendices A and B.
A. Singly quantized composite vortices
We begin with a brief account of the singly quantized com-
posite vortices (κ1,κ2) = (1,0), (1,1), and (1,−1). Their stabil-
ity properties may be compared with those of the axisymmet-
ric single-quantum vortex in a harmonically trapped, quasi-
two-dimensional single-component BEC: It is known to be
dynamically stable but energetically unstable at all values of
the interaction strength parameter, with the energetic insta-
bility supplied by the so-called anomalous mode, which has
l = −1 and is tantamount to the vortex spiraling away from
the trap center in the anticlockwise direction. No energetic
instabilities exist for other values of l.
While we also find the (1,0) vortex of our two-component
system to be dynamically stable at all parameter values con-
sidered, this is not true for the (1,1) and (1,−1) vortices, both
of which are found to exhibit dynamical instabilities for |l| = 1
over extensive regions of the parameter space. These instabil-
ities can be regarded as describing splitting of the (1,±1) com-
posite vortex into a (1,0) vortex and a (0,±1) vortex. For the
(1,1) vortex, the dynamical instabilities exist only for repul-
sive intercomponent interactions, Γ > 0, whereas the (1,−1)
vortex can be dynamically unstable also for Γ < 0. These
findings are consistent with Ref. [74].
For the (1,0) and (1,1) vortices, energetic instabilities only
occur for l = −1, while for the (1,−1) vortex they can ex-
ist for both l = −1 and l = 1. Interestingly, the (1,0) and
(1,−1) vortices also show narrow regions of energetic stability
in the parameter space we consider. The numerical data for
the (1,±1) vortices are presented in Appendix A.
B. Doubly quantized composite vortices
Let us now set κ1 = 2 ≥ |κ2| and consider the five
different types of doubly quantized composite vortices in
our two-component system: (κ1,κ2) = (2,0), (2,±1), and
(2,±2). In the harmonically trapped, quasi-two-dimensional
single-component BEC, the stability of an axisymmetric two-
quantum vortex is known to exhibit quasiperiodic behav-
5ior as a function of the dimensionless interaction strength
m1N1g11/~2, the vortex state being either energetically unsta-
ble (due to excitations with l = −1 and/or l = −2) or dynam-
ically unstable. The dynamical instability can only occur for
|l| = 2 and corresponds to a twofold-symmetric, linear-chain
splitting instability observed in various experiments on multi-
ply quantized vortices [35–37].
The case (2,0) can be classified as a doubly quantized core-
less vortex in the sense that the total particle density ntot =
|Ψ1|2 + |Ψ2|2 does not vanish at the phase singularity. Figure 1
shows its instability diagrams, namely, the magnitude of the
dominant dynamical instability, maxlmaxq[Im(ω
(l)
q )], and the
winding number ldom for which this maximum occurs, in the
parameter plane of the interspecies interaction strength Γ and
the particle-number polarization P. The (2,0) vortex is ob-
served to behave qualitatively similarly to the two-quantum
vortex in the single-component BEC [91], being either dy-
namically stable (but energetically unstable) or exhibiting a
dynamical instability for |l| = 2. As is evident from Fig. 1(a),
the repulsive intercomponent interaction tends to stabilize the
(2,0) vortex, with the vortex-free component 2 acting as an ef-
fective repulsive plug potential for the vortex in component 1;
however, this stabilization effect tends to be fairly weak for
the parameter set used in our simulations.
An interesting phenomenon is observed in the time evolu-
tion of the dynamically unstable (2,0) vortex, as illustrated for
Γ = 0.7 in Fig. 2. According to the Bogoliubov stability anal-
ysis, maxl,q Im(ω
(l)
q /ω1) = 0.0903, with the maximum occur-
ring for |l| = 2. As expected, the two-quantum vortex in com-
ponent 1 first splits into two separated single-quantum vor-
tices [Fig. 2(d)] that orbit the trap counterclockwise. Surpris-
ingly, however, the split vortices subsequently fuse together
and the entire two-component state returns close to its initial
form [Figs. 2(e) and 2(j)]. This process then repeats itself with
a period of ∼ 77 ms [Figs. 2(k)–2(t)]. A similar split-and-
revival effect of a dynamically unstable multiquantum vortex
has recently been found for a three-quantum vortex in a three-
dimensional single-component BEC [34].
Moving on to the (2,1) vortex, we present its dominant dy-
namical instabilities in Fig. 3, in the two-dimensional parame-
ter space consisting of the relative intercomponent interaction
strength Γ B g12/
√
g11g22 and the particle-number polariza-
tion P B (N1 − N2)/(N1 + N2). We observe that for attractive
intercomponent interactions Γ < 0, the dominant dynamical
instability is exclusively provided by excitations with |l| = 2.
However, the (2,1) vortex is observed to become dynamically
stable (but energetically unstable) for sufficiently strong inter-
component attraction and small polarization P, with the latter
implying that the doubly quantized vortex resides in the mi-
nority component. This stabilization corroborates the findings
of Ref. [53], where an axisymmetric (2,1) vortex was reported
as the ground state of a two-component BEC for Γ ' −1 and
P = 0 when the system is rotated externally [92]. We have
also carried out additional calculations indicating that the size
of this stability region in the (Γ, P) plane tends to become
larger with smaller geff , as noted in Ref. [53]. The region with
Γ > 0 corresponds mainly to |ldom| = 1, although there are also
narrow regions corresponding to either dynamical stability or
Figure 1. (a) Maximum imaginary part of the excitation frequen-
cies {ω(l)q } of the stationary (2,0) vortex as a function of the rela-
tive intercomponent interaction strength Γ B g12/
√
g11g22 and the
particle-number polarization P B (N1 − N2)/(N1 + N2). (b) Val-
ues of the angular-momentum quantum number l of the excita-
tion that yields the maximum imaginary part at the given point
(Γ, P). This excitation corresponds to the dominant dynamical in-
stability of the state in question. Vortex states that are dynam-
ically stable are found to be energetically unstable (i.e., contain-
ing a negative-energy excitation with a positive pseudonorm) in
all cases shown here. The other parameter values are m1 = m2,
ω1 = ω2, geff = m1 (N1g11 + N2g12) /~2 = 1000, and g22/g11 =
[
√
1 − (1 − Γ2) P2 − PΓ]2/ (1 − P)2, yielding the vortex-free TF radii
of R1 = R2 = 5.97 ×
√
~/m1ω1 for all states under consideration.
|ldom| = 2.
A representative example of the |ldom| = 1 decay dynam-
ics of the (2,1) vortex is shown in Fig. 4 for Γ = 0.3 in
the parameter set S 2. As indicated by the density profiles in
Figs. 4(a)–4(c) and Figs. 4(f)–4(h), the two-quantum vortex in
component 1 and the single-quantum vortex in component 2
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Figure 2. Time evolution of a slightly perturbed (2,0) vortex for
Γ ≡ g12/√g11g22 = 0.7, with other parameters chosen according
to the parameter set S 2. The first and second row of each panel show,
respectively, the number densities n1 and n2 of the atoms in the two
condensate components at the time instant given. The colorbar scale
is given in units of a−2osc, where aosc = 1.94 µm. The corresponding
stationary state has maxl,q Im(ω
(l)
q /ω1) = 0.0903 and |ldom| = 2. For a
video of this evolution, see Ref. [90].
move to opposite sides of the trap center, while simultane-
ously orbiting it in the counterclockwise direction with a time
period of ∼ 9.86 ms. Subsequently, the two-quantum vortex
in the first condensate splits into two single-quantum vortices
[Figs. 4(d)–4(e)], which are coreless in the sense that they are
filled with component 1. In our composite-vortex notation,
the decay process can thus be described as a two-step split-
ting process, namely, the splitting of a (2,1) vortex into a (2,0)
and a (0,1) vortex followed by the splitting of the (2,0) vortex
into two (1,0) vortices. Comparison of the density profiles at
t = 171 ms with those at t = 192 ms reveals that the vortices in
both components continue to orbit the trap center throughout
the splitting process.
The behavior shown in Fig. 4 may be compared with
Ref. [76], where dynamical instabilities with |ldom| = 1 were
found for (0,1,2) vortices in three-component spinor BECs
with antiferromagnetic spin–spin interactions. Those instabil-
ities, however, were not associated with splitting of the vor-
tices but with segregation of the different spin components;
the long-time dynamics resulting from the |l| = 1 instabili-
ties appear therefore to be significantly different between our
two-component and their spinor systems. Nevertheless, the
occurrence of |ldom| = 1 only for Γ > 0 in Fig. 3 still suggests
that the segregation tendency due to repulsive intercomponent
interaction plays a role in amplifying the |l| = 1 instabilities.
Our results on single-quantum composite vortices also support
this inference.
The |ldom| diagram for the (2,−1) vortex is fairly similar to
Figure 3. (a) Maximum imaginary part of the eigenfrequencies {ω(l)q }
of the stationary (2,1) vortex as a function of the relative intercompo-
nent interaction strength Γ B g12/
√
g11g22 and the particle-number
polarization P B (N1 − N2)/(N1 + N2). (b) Values of the angular-
momentum quantum number l providing the dominant dynamical in-
stabilities. Vortex states that are dynamically stable are found to be
energetically unstable in all cases shown here. The remaining pa-
rameters of the model are set according to the set S 1, as detailed in
Fig. 1.
that of the (2,1) vortex in that they both contain regions of
|ldom| = 1, |ldom| = 2, and dynamical stability. The two main
differences are that for the (2,−1) vortex, |ldom| = 1 occurs for
both Γ < 0 and Γ > 0 and the region of dynamical stability for
Γ > 0 disappear. The stability diagrams and a representative
time series for the (2,−1) vortex are given in Appendix B 2.
A common feature of the (2,0) and (2,±1) vortices dis-
cussed above is that their dynamical or energetic instabilities
occur only for |l| = 1 and |l| = 2. The (2,2) and (2,−2) vortices,
in contrast, may exhibit energetic and dynamical instabilities
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Figure 4. Time evolution of a slightly perturbed (2,1) vortex for
Γ ≡ g12/√g11g22 = 0.3, with other parameters chosen according
to the parameter set S 2. The first and second row of each panel show,
respectively, the number densities n1 and n2 of the atoms in the two
condensate components at the time instant given. The colorbar scale
is given in units of a−2osc, where aosc = 1.94 µm. The corresponding
stationary state has maxl,q Im(ω
(l)
q /ω1) = 0.23158 and |ldom| = 1. For
a video of this evolution, see Ref. [90].
for |l| = 3 as well. For the (2,2) vortex, these are typically
energetic instabilities with l = −3, which develop into dy-
namical instabilities only in narrow regions of the (Γ, P) space
and are typically so weak that they are dominated by much
stronger coexisting instabilities with |l| = 1 or |l| = 2. Con-
sequently, the instability-mode diagram for the (2,2) vortex
shown in Fig. 5(b) only exhibits |ldom| = 1 and |ldom| = 2. In
fact, we find the (2,2) vortex to be dynamically unstable at all
values of (Γ, P) considered. Furthermore, as can be observed
from Fig. 5(b), the dominant instability of the (2,2) vortex is
provided exclusively by the |l| = 2 modes for Γ ≤ 0, whereas
the region Γ > 0 corresponds predominantly to |ldom| = 1.
The instability diagrams for the (2,−2) vortex are shown in
Fig. 6. The region Γ < 0 is observed to exhibit small regions
of dynamical stability (but energetic instability) in addition
to dynamical-instability regions with |ldom| = 1 and |ldom| = 2.
The region Γ ≥ 0.4, in contrast, corresponds exclusively to the
exotic instability mode |ldom| = 3, which does not occur for the
two-quantum vortex in a single-component BEC—more gen-
erally, a κ-quantum vortex in a harmonically trapped single-
component BEC can only exhibit dynamical instabilities with
|l| ≤ |κ|.
The full time evolution corresponding to the dominant |l| =
3 instability of a (2,−2) vortex in the set S 2 is illustrated
for Γ = 0.8 in Fig. 7. During the first 18 ms of the evolu-
tion, the doubly charged vortex in each condensate splits into
four single-quantum vortices in a threefold-symmetric pattern.
In component 1, the three outward-moving vortices have the
winding number +1 and the central one has −1; in compo-
nent 2, the winding numbers are the opposite of these. In
addition to the radial motion, the off-axis vortices orbit the
center in the counterclockwise direction in component 1 and
in the clockwise direction in component 2. At later times, both
the overall shapes of the condensate densities and the vortex
cores become strongly distorted [Figs. 7(e) and 7(j)].
Figure 5. (a) Maximum imaginary part of the eigenfrequencies of
the stationary (2,2) vortex as a function of Γ B g12/
√
g11g22 and
P B (N1 − N2)/(N1 + N2). (b) Values of the angular-momentum
quantum number l yielding the dominant dynamical instabilities. The
remaining parameters of the model are set according to the set S 1, as
detailed in Fig. 1.
IV. CONCLUSIONS
In summary, we have studied the dynamical instabilities
and the associated decay of axisymmetric composite vortices
or in harmonically trapped two-component BECs using a two-
dimensional GP model. Limiting the study to singly and
doubly quantized composite vortices in the miscible regime
g212 < g11g22, we formed the vortex instability diagrams in the
parameter plane consisting of the relative intercomponent in-
teraction strength Γ B g12/
√
g11g22 and the particle-number
polarization P B (N1 − N2) / (N1 + N2). To wit, for each
winding-number pair (κ1,κ2), where 2 ≤ |κ1| ≤ |κ2|, and param-
eters (Γ, P), we solved the Bogoliubov equations to obtain the
8Figure 6. (a) Maximum imaginary part of the excitation frequen-
cies {ω(l)q } of the stationary (2,−2) vortex as a function of the rela-
tive intercomponent interaction strength Γ B g12/
√
g11g22 and the
particle-number polarization P B (N1 − N2)/(N1 + N2). (b) Values
of the angular-momentum quantum number l yielding the dominant
dynamical instabilities. Vortex states that are dynamically stable are
found to be energetically unstable in all cases shown here. The re-
maining parameters of the model are set according to the set S 1, as
detailed in Fig. 1.
multipolarity |ldom| and magnitude of the dominant dynamical
instability of that stationary vortex state. The decay behav-
iors associated with different |ldom| were then demonstrated by
solving the full time evolution for the slightly perturbed sta-
tionary vortex from the time-dependent GP equation.
Several decay modes stemming from the multicomponent
nature of the system, and thus absent for vortex states in
single-component BECs, were discovered. In contrast to the
axisymmetric single-quantum vortex state in a scalar BECs,
which is always dynamically stable, the single-quantum com-
posite vortices (1,1) and (1,−1) exhibited regions of dynam-
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Figure 7. Time evolution of a slightly perturbed (2,−2) vortex for
Γ ≡ g12/√g11g22 = 0.8, with other parameters chosen according to
the parameter set S 2. The first and second row of each panel show,
respectively, the number densities n1 and n2 of the atoms in the two
condensate components at the time instant given. The colorbar scale
is given in units of a−2osc, where aosc = 1.94 µm. The corresponding
stationary state has maxl,q Im(ω
(l)
q /ω1) = 1.4116 and |ldom| = 3. For a
video of this evolution, see Ref. [90].
ical instability with |ldom| = 1, and the corresponding decay
dynamics was found to involve opposite displacements of the
vortex cores from the trap center and a significant reduction in
the density overlap
! |Ψ1Ψ2| r dr dφ. Although such behavior
suggests a connection between these dynamical instabilities
and the phase-separation tendency associated with the inter-
component repulsion (Γ > 0), we note that the (1,0) vortex
was always dynamically stable and that the (1,−1) vortex ex-
hibited dynamical instabilities also for Γ < 0.
The two-quantum composite vortices (2,0), (2,±1), and
(2,±1) were found to exhibit splitting behavior that has no
counterpart for the two-quantum vortex in a single-component
BEC. For the (2,0) and (2,2) vortices, we demonstrated a
split-and-revival phenomenon, in which the vortex almost
returned to its initial state after splitting temporarily. For
the (2,−2) vortex, we observed a threefold-symmetric split-
ting pattern in which each doubly quantized vortex split into
three singly quantized vortices of like sign and one of unlike
sign. We found this splitting instability, which was discovered
in Ref. [74] and attributed to superfluid–superfluid counter-
flow [93–95], to dominate over other instabilities of the (2,−2)
vortex in a wide region of the (Γ, P) space. The threefold split-
ting pattern, which does not occur for the single-component
two-quantum vortex, should therefore be amenable to exper-
imental verification as long as the (2,−2) vortex can be re-
alized. It should be achievable by applying the topologi-
cal phase engineering technique [35–38, 96–99] on a two-
component BECs consisting of hyperfine spin states with op-
posite mF values as, e.g., in Refs. [70, 84] and in our parame-
ter set S 2. More highly charged counterrotating vortex states
(κ,−κ), where κ is an even number ≥ 4, could in principle be
created by applying the vortex-pump method [32, 100–104]
to a two-component BEC.
Besides increasing the winding numbers κ j beyond the
value 2 to reveal further splitting patterns [105], there are
several other ways to extend this work. Incorporating the
immiscible regime Γ > 1 and the associated nonaxisym-
metric stationary vortex states would present an opportunity
9to investigate the interplay [106] between vortex dynamics,
phase separation [107–109], and instabilities associated with
fluid interfaces [110–112]. Generalizing the study to three-
dimensional dynamics would enable us to study the splitting-
induced intertwining of vortices [23, 25, 26] as well as the
dynamics of composite defects consisting of vortex lines and
interfaces [113–115]. It would also be interesting to study
finite-temperature effects, given that the presence of the ther-
mal component is predicted to stabilize an axisymmetric vor-
tex energetically [116–118].
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Appendix A: Decay of (1,±1) vortices
This appendix presents the instability diagrams and repre-
sentative decay dynamics of (1,1) and (1,−1) vortices from the
parameter set S 2. The main observations from these calcula-
tions were outlined in Sec. III A. We will omit showing the
data for the (1,0) vortex, because the state is always dynami-
cally stable.
1. (1,1) vortex
The stability diagrams of the (1,1) vortex are shown in
Fig. 8. The state is observed to be dynamically unstable with
|ldom| = 1 at most points corresponding to Γ > 0, whereas for
Γ ≤ 0 it is only energetically unstable.
To investigate the decay dynamics associated with the
|ldom| = 1 region, we first consider the case Γ = 0.6, which
in the parameter set S 2 corresponds to a12 = 58.7 aB. The
time evolution of this vortex state after a small perturbation is
illustrated in Fig. 9. The instability is observed to correspond
to dynamics where the vortices are displaced in opposite di-
rections from the trap center. Both vortices orbit the center
counterclockwise, and the separation between them is found
to oscillate with a period of of ∼ 246 ms. This oscillatory
behavior is to be contrasted with the case shown in Fig. 10,
where Γ = 0.3. In this case, the separation of the two vortex
cores remains constant for t ≥ 69 ms; in other words, the vor-
tex pair is observed to rotate as a rigid body following their
initial separation stage.
Figure 8. (a) Maximum imaginary part of the excitation frequencies
{ω(l)q } of the (1,1) vortex as a function of Γ B g12/√g11g22 and P B
(N1 − N2)/(N1 + N2). (b) Values of the angular-momentum quantum
number l yielding the dominant dynamical instabilities. Vortex states
that are dynamically stable are found to be energetically unstable in
all cases shown here. The remaining parameters of the model are set
according to the set S 1, as detailed in Fig. 1.
2. (1,−1) vortex
Figure 11 presents the stability diagrams for the singly
quantized counterrotating vortex, (1,−1). The region corre-
sponding to |ldom| = 1 covers most of the (Γ, P) space. Inter-
estingly, small regions of energetic stability exist for Γ < 0;
it should be noted that this local energetic stability does not
mean that the (1,−1) vortex has lower total energy than the
vortex-free state (0,0), which remains as the globally stable
stationary state of Eqs. (1).
The typical decay mode of the (1,−1) vortex is illustrated
in Fig. 12 for Γ = 0.5, which corresponds to a12 = 48.9 aB
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Figure 9. Time evolution of a slightly perturbed (1,1) vortex for
Γ ≡ g12/√g11g22 = 0.6, with other parameters chosen according
to the parameter set S 2. The first and second row of each panel show,
respectively, the number densities n1 and n2 of the atoms in the two
condensate components at the time instant given. The colorbar scale
is given in units of a−2osc, where aosc = 1.94 µm. The corresponding
stationary state has maxl,q Im(ω
(l)
q /ω1) = 0.23068 and |ldom| = 1. For
a video of this evolution, see Ref. [90].
-4
0
4 (a)
n1
t = 0 ms
(b)
61 ms
(c)
69 ms
(d)
135 ms
(e)
237 ms
-4 0 4
-4
0
4 (f)
n2
-4 0 4
(g)
-4 0 4
(h)
-4 0 4
(i)
-4 0 4
(j)
0
45
90
x (units of aosc)
y
(u
ni
ts
of
a o
sc
)
Figure 10. Time evolution of a slightly perturbed (1,1) vortex for
Γ ≡ g12/√g11g22 = 0.3, with other parameters chosen according to
the parameter set S 2. The first and second row of each panel show,
respectively, the number densities n1 and n2 of the atoms in the two
condensate components at the time instant given. The colorbar scale
is given in units of a−2osc, where aosc = 1.94 µm. The corresponding
stationary state has maxl,q Im(ω
(l)
q /ω1) = 0.23962 and |ldom| = 1. For
a video of this evolution, see Ref. [90].
in the set S 2. Visual inspection of Fig. 12 and the associated
video [90] reveals that from t ≈ 48 ms onward, the two op-
positely charged vortices drift to opposite directions from the
trap center and start orbiting it in opposite directions: coun-
terclockwise in component 1 and clockwise in component 2.
Appendix B: Decay of (2,±1) and (2,±2) vortices
This appendix presents additional numerical results on
the dynamical instabilities and splitting dynamics of two-
quantum composite vortices, complementary to the main find-
ings already discussed in Sec. III B.
Figure 11. (a) Maximum imaginary part of the excitation frequencies
{ω(l)q } of the (1,−1) vortex as a function of Γ B g12/√g11g22 and P B
(N1 − N2)/(N1 + N2). (b) Values of the angular-momentum quantum
number l yielding the dominant dynamical instabilities. Vortex states
classified as dynamically stable are energetically unstable. Energetic
stability is local, but not global. The remaining parameters of the
model are set according to the set S 1, as detailed in Fig. 1.
1. (2,1) vortex
For the vortex configuration (2,1), we plot the imaginary
parts of the excitation frequencies as a function of a12 in
Fig. 13. From the figure, we can infer that the vortex state
is dynamically unstable in the range −20 aB . a12 . 100 aB,
since there are excitation frequencies with positive imaginary
parts. In terms of the dimensionless interaction parameter Γ,
this range of a12 corresponds to −0.2 . Γ . 1.0. For Γ & 0.13,
the dynamical instability arises predominantly from excita-
tions with |l| = 1 and results in the dynamics illustrated in
Fig. 4 and discussed in Sec. III B.
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Figure 12. Time evolution of a slightly perturbed (1,−1) vortex for
Γ ≡ g12/√g11g22 = 0.5, with other parameters chosen according to
the parameter set S 2. The first and second row of each panel show,
respectively, the number densities n1 and n2 of the atoms in the two
condensate components at the time instant given. The colorbar scale
is given in units of a−2osc, where aosc = 1.94 µm. The corresponding
stationary state has maxl,q Im(ω
(l)
q /ω1) = 0.28285 and |ldom| = 1. For
a video of this evolution, see Ref. [90].
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Figure 13. Imaginary parts of the quasiparticle eigenfrequencies as a
function of the interspecies scattering length a12 for the (2,1) vortex
in the parameter set S 2.
On the other hand, for Γ . 0.13 the predominant contri-
bution to the instability arises from the |l| = 2 modes. We
illustrate this regime in Fig. 14 with the case of attractive in-
terspecies interactions with a12 = −9.8 aB, i.e., Γ = −0.1. At
t ≈ 220 ms, the doubly charged vortex in the first condensate
splits into two coreless singly charged vortices, which orbit
the trap center in the counterclockwise direction. Contrary to
the |l| = 1 dynamics in Fig. 4, the vortices are not expelled
from the center before the splitting occurs; this is apparent
from the dynamics of the single-quantum vortex in compo-
nent 2, which remains at the center throughout the evolution.
2. (2,−1) vortex
The instability diagrams for the (2,−1) vortex are presented
in Fig. 15. As in the case of the other counterrotating vortex
state (2,−2) (Fig. 6), the region Γ < 0 corresponds primarily
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Figure 14. Time evolution of a slightly perturbed (2,1) vortex for
Γ ≡ g12/√g11g22 = −0.1, with other parameters chosen according to
the parameter set S 2. The first and second row of each panel show,
respectively, the number densities n1 and n2 of the atoms in the two
condensate components at the time instant given. The colorbar scale
is given in units of a−2osc, where aosc = 1.94 µm. The corresponding
stationary state has maxl,q Im(ω
(l)
q /ω1) = 0.055169 and |ldom| = 2.
For a video of this evolution, see Ref. [90].
to |ldom| = 1, with small stability regions appearing close to
the single-component limits P = ±1. The region Γ > 0 does
not show dynamical stability. Interestingly, the (2,−1) vortex
does not obey the observation made in Ref. [74] about (κ,−κ)
vortices that |ldom| tends to be even for Γ < 0 and odd for
Γ > 0.
We illustrate the decay dynamics of the (2,−1) vortex with
the case Γ = 0.7, which corresponds to a12 = 69 aB in S 2.
For this state, the excitation with the largest imaginary part
(0.43711 × ω1) is obtained with |l| = 2. This leads to the
decay dynamics in which the doubly charged vortex in com-
ponent 1 splits into two singly charged coreless vortices, as
shown in Fig. 16(b). These vortices then orbit the trap center
in the counterclockwise direction. During this splitting, the
singly charged vortex in component 2 remains at the center
till t ≈ 43 ms. Around t ≈ 30 ms, the core of this vortex
becomes strongly elongated [Figs. 16(j) and 16(p)]; the phase
field arg (Ψ2) (not shown) becomes similar to that of a dark
soliton, with a phase jump of pi across the elongated core in
an otherwise near-constant phase profile throughout the two
peaks in n2. In this sense, the structure is reminiscent of the
solitonic vortices occurring in elongated single-component
BECs [119–122] and superfluid Fermi gases [123].
3. (2,2) vortex
Figure 17 shows the imaginary parts of the excitation fre-
quencies as a function of a12 for the (2,2) vortex in the param-
eter set S 2. For Γ & 0.1, |ldom| = 1, whereas |ldom| = 2 for
Γ . 0.1. There are also small windows of dynamical stability
in the domain 0.1 . Γ . 1.
To illustrate the dynamics associated with |ldom| = 1, Fig. 18
shows the decay of the (2,2) vortex for a12 = 48.9 aB, i.e.,
Γ = 0.5. At t ≈ 61 ms, the two doubly quantized vortices
move to opposite sides of the trap center and start orbiting it
counterclockwise. The doubly quantized vortex in each con-
densate splits at t ≈ 80 ms into two singly quantized vor-
12
Figure 15. (a) Maximum imaginary part of the excitation frequencies
{ω(l)q } of the (2,−1) vortex as a function of Γ B g12/√g11g22 and P B
(N1 − N2)/(N1 + N2). (b) Values of the angular-momentum quantum
number l yielding the dominant dynamical instabilities. Vortex states
that are dynamically stable are found to be energetically unstable in
all cases shown here. The remaining parameters of the model are set
according to the set S 1, as detailed in Fig. 1.
tices that continue to move in the counterclockwise direction.
The splitting also induces significant center-of-mass motion
in each condensate component, which at later times leads to
the nucleation of additional vortices at the peripheries of the
condensates [Figs. 18(e) and 18(j)].
The domain corresponding to |ldom| = 2 is illustrated by
considering the case Γ = −0.1, i.e., a12 = −9.8 aB. The re-
sulting time evolution is presented in Fig. 19. In contrast to
the case |ldom| = 1, both two-quantum vortices remain at the
trap center until they each split at t ≈ 123 ms; subsequently,
the vortices fuse back together [Figs. 19(d) and 19(i)], and the
state starts to show split-and-revival dynamics in resemblance
to that shown in Fig. 2.
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Figure 16. Time evolution of a slightly perturbed (2,−1) vortex for
Γ ≡ g12/√g11g22 = 0.7, with other parameters chosen according to
the parameter set S 2. The first and second row of each panel show,
respectively, the number densities n1 and n2 of the atoms in the two
condensate components at the time instant given. The colorbar scale
is given in units of a−2osc, where aosc = 1.94 µm. The corresponding
stationary state has maxl,q Im(ω
(l)
q /ω1) = 0.43711 and |ldom| = 2. For
a video of this evolution, see Ref. [90].
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Figure 17. Imaginary parts of the quasiparticle eigenfrequencies as a
function of the interspecies scattering length a12 for the (2,2) vortex
in the parameter set S 2.
4. (2,−2) vortex
Figure 20 shows the imaginary parts of the excitation fre-
quencies as a function of a12 for the (2,−2) vortex that corre-
sponds to the parameter set used in the time-evolution simula-
tions. As discussed in conjunction with Fig. 6, for sufficiently
strong intercomponent repulsion the dominant contribution to
the dynamical instability arises from excitations with |l| = 3,
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Figure 18. Time evolution of a slightly perturbed (2,2) vortex for
Γ ≡ g12/√g11g22 = 0.5, with other parameters chosen according to
the parameter set S 2. The first and second row of each panel show,
respectively, the number densities n1 and n2 of the atoms in the two
condensate components at the time instant given. The colorbar scale
is given in units of a−2osc, where aosc = 1.94 µm. The corresponding
stationary state has maxl,q Im(ω
(l)
q /ω1) = 0.20742 and |ldom| = 1. For
a video of this evolution, see Ref. [90].
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Figure 19. Time evolution of a slightly perturbed (2,2) vortex for
Γ ≡ g12/√g11g22 = −0.1, with other parameters chosen according to
the parameter set S 2. The first and second row of each panel show,
respectively, the number densities n1 and n2 of the atoms in the two
condensate components at the time instant given. The colorbar scale
is given in units of a−2osc, where aosc = 1.94 µm. The corresponding
stationary state has maxl,q Im(ω
(l)
q /ω1) = 0.10044 and |ldom| = 2. For
a video of this evolution, see Ref. [90].
which give rise to the threefold splitting pattern illustrated in
Fig. 7. Figure 20 reveals that the |l| = 3 instability peak is both
wide and tall, resulting in imaginary parts greater than the trap
frequency and significantly larger than those of the coexisting
|l| = 1 and |l| = 2 instabilities.
[1] R. J. Donnelly, Quantized Vortices in Helium II (Cambridge
University Press, Cambridge, 1991).
[2] R. D. Parks, ed., Superconductivity (Marcel Dekker, New
York, 1969).
[3] P. W. Anderson and N. Itoh, Nature (London) 256, 25 (1975).
[4] A. Vilenkin and E. P. S. Shellard, Cosmic Strings and Other
Topological Defects (Cambridge University Press, New York,
1994).
[5] G. A. Swartzlander and C. T. Law, Phys. Rev. Lett. 69, 2503
(1992).
[6] M. R. Matthews, B. P. Anderson, P. C. Haljan, D. S. Hall, C. E.
Wieman, and E. A. Cornell, Phys. Rev. Lett. 83, 2498 (1999).
[7] K. Madison, F. Chevy, W. Wohlleben, and J. Dalibard, J. Mod.
Opt. 47, 2715 (2000).
14
−20 0 20 40 60 80 100
a12 in units of aB
0.00
0.25
0.50
0.75
1.00
1.25
1.50
1.75
2.00
Im
(ω
(l
)
q
/ ω
1)
|l|= 2 |l|= 2
|l|= 1
|l|= 2
|l|= 3
Figure 20. Imaginary parts of the quasiparticle eigenfrequencies as a
function of the interspecies scattering length a12 for the (2,−2) vortex
in the parameter set S 2.
[8] J. R. Abo-Shaeer, C. Raman, J. M. Vogels, and W. Ketterle,
Science 292, 476 (2001).
[9] C. Raman, J. R. Abo-Shaeer, J. M. Vogels, K. Xu, and W. Ket-
terle, Phys. Rev. Lett. 87, 210402 (2001).
[10] A. L. Fetter, Rev. Mod. Phys. 81, 647 (2009).
[11] B. P. Anderson, J. Low Temp. Phys. 161, 574 (2010).
[12] T. W. Neely, E. C. Samson, A. S. Bradley, M. J. Davis, and
B. P. Anderson, Phys. Rev. Lett. 104, 160401 (2010).
[13] D. V. Freilich, D. M. Bianchi, A. M. Kaufman, T. K. Langin,
and D. S. Hall, Science 329, 1182 (2010); for a comparison of
the experimental data with simulations, see P. Kuopanportti,
J. A. M. Huhtamäki, and M. Möttönen, Phys. Rev. A 83,
011603 (2011).
[14] S. Middelkamp, P. J. Torres, P. G. Kevrekidis, D. J.
Frantzeskakis, R. Carretero-González, P. Schmelcher, D. V.
Freilich, and D. S. Hall, Phys. Rev. A 84, 011605 (2011).
[15] R. Navarro, R. Carretero-González, P. J. Torres, P. G.
Kevrekidis, D. J. Frantzeskakis, M. W. Ray, E. Altuntas¸, and
D. S. Hall, Phys. Rev. Lett. 110, 225301 (2013).
[16] K. E. Wilson, Z. L. Newman, J. D. Lowney, and B. P. Ander-
son, Phys. Rev. A 91, 023621 (2015).
[17] T. W. Neely, A. S. Bradley, E. C. Samson, S. J. Rooney, E. M.
Wright, K. J. H. Law, R. Carretero-González, P. G. Kevrekidis,
M. J. Davis, and B. P. Anderson, Phys. Rev. Lett. 111, 235301
(2013).
[18] A. C. White, B. P. Anderson, and V. S. Bagnato, Proc. Natl.
Acad. Sci. USA 111, 4719 (2014).
[19] W. J. Kwon, G. Moon, J.-y. Choi, S. W. Seo, and Y.-i. Shin,
Phys. Rev. A 90, 063627 (2014).
[20] S. W. Seo, B. Ko, J. H. Kim, and Y.-i. Shin, Sci. Rep. 7, 4587
(2017).
[21] G. Gauthier, M. T. Reeves, X. Yu, A. S. Bradley, M. Baker,
T. A. Bell, H. Rubinsztein-Dunlop, M. J. Davis, and T. W.
Neely, “Negative-temperature Onsager vortex clusters in a
quantum fluid,” (2018), e-print arXiv:1801.06951 (unpub-
lished).
[22] S. P. Johnstone, A. J. Groszek, P. T. Starkey, C. J. Billing-
ton, T. P. Simula, and K. Helmerson, “Order from chaos:
Observation of large-scale flow from turbulence in a two-
dimensional superfluid,” (2018), e-print arXiv:1801.06952
(unpublished).
[23] M. Möttönen, T. Mizushima, T. Isoshima, M. M. Salomaa,
and K. Machida, Phys. Rev. A 68, 023611 (2003).
[24] Y. Kawaguchi and T. Ohmi, Phys. Rev. A 70, 043610 (2004).
[25] J. A. M. Huhtamäki, M. Möttönen, T. Isoshima, V. Pietilä, and
S. M. M. Virtanen, Phys. Rev. Lett. 97, 110406 (2006).
[26] A. Muñoz Mateo and V. Delgado, Phys. Rev. Lett. 97, 180409
(2006).
[27] K. Gawryluk, M. Brewczyk, and K. Rza¸z˙ewski, J. Phys. B:
At. Mol. Opt. Phys. 39, L225 (2006).
[28] E. Lundh and H. M. Nilsen, Phys. Rev. A 74, 063620 (2006).
[29] T. Karpiuk, M. Brewczyk, M. Gajda, and K. Rza¸z˙ewski, J.
Phys. B: At. Mol. Opt. Phys. 42, 095301 (2009).
[30] P. Kuopanportti, E. Lundh, J. A. M. Huhtamäki, V. Pietilä, and
M. Möttönen, Phys. Rev. A 81, 023603 (2010).
[31] P. Kuopanportti and M. Möttönen, Phys. Rev. A 81, 033627
(2010).
[32] P. Kuopanportti and M. Möttönen, J. Low Temp. Phys. 161,
561 (2010).
[33] J. Li, D.-S. Wang, Z.-Y. Wu, Y.-M. Yu, and W.-M. Liu, Phys.
Rev. A 86, 023628 (2012).
[34] J. Räbinä, P. Kuopanportti, M. I. Kivioja, M. Möttönen, and
T. Rossi, Phys. Rev. A 98, 023624 (2018).
[35] Y. Shin, M. Saba, M. Vengalattore, T. A. Pasquini, C. Sanner,
A. E. Leanhardt, M. Prentiss, D. E. Pritchard, and W. Ketterle,
Phys. Rev. Lett. 93, 160406 (2004).
[36] T. Isoshima, M. Okano, H. Yasuda, K. Kasa, J. A. M. Huh-
tamäki, M. Kumakura, and Y. Takahashi, Phys. Rev. Lett. 99,
200403 (2007).
[37] T. Kuwamoto, H. Usuda, S. Tojo, and T. Hirano, J. Phys. Soc.
Jpn. 79, 034004 (2010).
[38] H. Shibayama, Y. Yasaku, and T. Kuwamoto, J. Phys. B: At.
Mol. Opt. Phys. 44, 075302 (2011).
[39] M. Abraham, I. Aranson, and B. Galanti, Phys. Rev. B 52,
R7018 (1995).
[40] I. Aranson and V. Steinberg, Phys. Rev. B 53, 75 (1996).
[41] A. C. Santos, V. S. Bagnato, and F. E. A. dos Santos, “Spon-
taneous generation of quantum turbulence through the decay
of a giant vortex in a two-dimensional superfluid,” (2014),
e-print arXiv:1405.0992 (unpublished).
[42] G. D. Telles, P. E. S. Tavares, A. R. Fritsch, A. Cidrim, V. S.
Bagnato, A. C. White, A. J. Allen, and C. F. Barenghi,
“Twisted unwinding of multi-charged quantum vortex and
generation of turbulence in atomic Bose–Einstein conden-
sates,” (2015), e-print arXiv:1505.00616 (unpublished).
[43] A. Cidrim, F. E. A. dos Santos, L. Galantucci, V. S. Bagnato,
and C. F. Barenghi, Phys. Rev. A 93, 033651 (2016).
[44] A. Cidrim, A. C. White, A. J. Allen, V. S. Bagnato, and C. F.
Barenghi, Phys. Rev. A 96, 023617 (2017).
[45] M. Roncaglia, M. Rizzi, and J. Dalibard, Sci. Rep. 1, 43
(2011).
[46] A. S. Mel’nikov and V. M. Vinokur, Nature (London) 415, 60
(2002).
[47] E. J. Mueller and T.-L. Ho, Phys. Rev. Lett. 88, 180403 (2002).
[48] V. Schweikhard, I. Coddington, P. Engels, S. Tung, and E. A.
Cornell, Phys. Rev. Lett. 93, 210403 (2004).
[49] P. Kuopanportti, J. A. M. Huhtamäki, and M. Möttönen, Phys.
Rev. A 85, 043613 (2012).
[50] K. Kasamatsu and M. Tsubota, Phys. Rev. A 79, 023606
(2009).
[51] S.-J. Yang, Q.-S. Wu, S.-N. Zhang, and S. Feng, Phys. Rev. A
77, 033621 (2008).
[52] P. Mason and A. Aftalion, Phys. Rev. A 84, 033611 (2011).
[53] P. Kuopanportti, N. V. Orlova, and M. V. Miloševic´, Phys.
Rev. A 91, 043605 (2015).
15
[54] K. Kasamatsu, M. Tsubota, and M. Ueda, Phys. Rev. Lett. 93,
250406 (2004).
[55] K. Kasamatsu, M. Tsubota, and M. Ueda, Phys. Rev. A 71,
043611 (2005).
[56] G. Ferrari, M. Inguscio, W. Jastrzebski, G. Modugno,
G. Roati, and A. Simoni, Phys. Rev. Lett. 89, 053202 (2002).
[57] G. Modugno, M. Modugno, F. Riboli, G. Roati, and M. In-
guscio, Phys. Rev. Lett. 89, 190404 (2002).
[58] G. Thalhammer, G. Barontini, L. De Sarlo, J. Catani, F. Mi-
nardi, and M. Inguscio, Phys. Rev. Lett. 100, 210402 (2008).
[59] K. Aikawa, D. Akamatsu, J. Kobayashi, M. Ueda, T. Kishi-
moto, and S. Inouye, New J. Phys. 11, 055035 (2009).
[60] J. Catani, G. Barontini, G. Lamporesi, F. Rabatti, G. Thal-
hammer, F. Minardi, S. Stringari, and M. Inguscio, Phys. Rev.
Lett. 103, 140401 (2009).
[61] D. J. McCarron, H. W. Cho, D. L. Jenkin, M. P. Köppinger,
and S. L. Cornish, Phys. Rev. A 84, 011603 (2011).
[62] A. Lercher, T. Takekoshi, M. Debatin, B. Schuster, R. Rame-
shan, F. Ferlaino, R. Grimm, and H.-C. Nägerl, Eur. Phys. J.
D 65, 3 (2011).
[63] B. Pasquiou, A. Bayerle, S. M. Tzanova, S. Stellmer,
J. Szczepkowski, M. Parigger, R. Grimm, and F. Schreck,
Phys. Rev. A 88, 023601 (2013).
[64] L. Wacker, N. B. Jørgensen, D. Birkmose, R. Horchani,
W. Ertmer, C. Klempt, N. Winter, J. Sherson, and J. J. Arlt,
Phys. Rev. A 92, 053602 (2015).
[65] F. Wang, X. Li, D. Xiong, and D. Wang, J. Phys. B: At. Mol.
Opt. Phys. 49, 015302 (2015).
[66] S. B. Papp, J. M. Pino, and C. E. Wieman, Phys. Rev. Lett.
101, 040402 (2008).
[67] S. Sugawa, R. Yamazaki, S. Taie, and Y. Takahashi, Phys.
Rev. A 84, 011610 (2011).
[68] S. Stellmer, R. Grimm, and F. Schreck, Phys. Rev. A 87,
013611 (2013).
[69] C. J. Myatt, E. A. Burt, R. W. Ghrist, E. A. Cornell, and C. E.
Wieman, Phys. Rev. Lett. 78, 586 (1997).
[70] D. S. Hall, M. R. Matthews, J. R. Ensher, C. E. Wieman, and
E. A. Cornell, Phys. Rev. Lett. 81, 1539 (1998).
[71] G. Delannoy, S. G. Murdoch, V. Boyer, V. Josse, P. Bouyer,
and A. Aspect, Phys. Rev. A 63, 051602 (2001).
[72] R. P. Anderson, C. Ticknor, A. I. Sidorov, and B. V. Hall,
Phys. Rev. A 80, 023603 (2009).
[73] D. V. Skryabin, Phys. Rev. A 63, 013602 (2000).
[74] S. Ishino, M. Tsubota, and H. Takeuchi, Phys. Rev. A 88,
063617 (2013).
[75] V. Pietilä, M. Möttönen, and S. M. M. Virtanen, Phys. Rev. A
76, 023610 (2007).
[76] M. Takahashi, V. Pietilä, M. Möttönen, T. Mizushima, and
K. Machida, Phys. Rev. A 79, 023618 (2009).
[77] K. Kasamatsu, M. Tsubota, and M. Ueda, Int. J. Mod. Phys.
B 19, 1835 (2005).
[78] P. Muruganandam and S. Adhikari, Comput. Phys. Commun.
180, 1888 (2009).
[79] D. Vudragovic´, I. Vidanovic´, A. Balaž, P. Muruganandam,
and S. K. Adhikari, Comput. Phys. Commun. 183, 2021
(2012).
[80] A. Roy, S. Pal, S. Gautam, D. Angom, and P. Muruganan-
dam, “FACt: FORTRAN toolbox for calculating fluctuations
in atomic condensates,” (2018), e-print arXiv:1806.01244
(unpublished).
[81] In addition to the winding number pair (κ1,κ2), actually only
five independent real parameters are needed to specify Eqs. (3)
fully [and thus parametrize the stationary (κ1,κ2) vortices
themselves], but all six are needed to specify Eqs. (6) (i.e.,
the excitation spectra of said vortices).
[82] For each κ ∈ N, there are 2κ + 1 truly different variants of κ-
quantum vortices that satisfy the definition given at the end of
Sec. II A.
[83] Note, however, that as Γ → 1−, the lowest eigenfrequency
with a positive pseudonorm approaches zero from above, sig-
naling the emergence of the segregation instability in the im-
miscible regime Γ > 1.
[84] K. M. Mertes, J. W. Merrill, R. Carretero-González, D. J.
Frantzeskakis, P. G. Kevrekidis, and D. S. Hall, Phys. Rev.
Lett. 99, 190402 (2007).
[85] M. Egorov, B. Opanchuk, P. Drummond, B. V. Hall, P. Han-
naford, and A. I. Sidorov, Phys. Rev. A 87, 053614 (2013).
[86] A. Marte, T. Volz, J. Schuster, S. Dürr, G. Rempe, E. G. M.
van Kempen, and B. J. Verhaar, Phys. Rev. Lett. 89, 283202
(2002).
[87] M. Erhard, H. Schmaljohann, J. Kronjäger, K. Bongs, and
K. Sengstock, Phys. Rev. A 69, 032705 (2004).
[88] S. Tojo, Y. Taguchi, Y. Masuyama, T. Hayashi, H. Saito, and
T. Hirano, Phys. Rev. A 82, 033609 (2010).
[89] In the parameter set S 2, the dimensionless interaction strength
geff is given by the formula geff = 173.53 + 169.19 × Γ.
[90] Videos corresponding to the time-series figures are
freely available in AVI format at the url https:
//drive.google.com/drive/folders/1rHQUMBA_
ABM0VuJ2xUMu3r0_C3JTouXA?usp=sharing.
[91] In particular, along the vertical line Γ = 0 the two components
are decoupled, and the dominant dynamical instability reduces
exactly to that of a two-quantum vortex in a single-component
BEC with the dimensionless coupling constant m1g11N1/~2 =
1000, yielding |ldom| = 2 and maxl,q[Im(ω(l)q )] = 0.137×ω1 for
all (Γ, P) = (0, P), −1 < P < 1.
[92] Including external axial rotation by angular frequency Ω into
our calculation would change the rotating-frame excitation en-
ergies by −l~Ω and would act to lift the energetically unstable
modes at l = −2 and l = −1 above zero, eventually stabilizing
the energetically unstable (2,1) vortices. Dynamical instabil-
ities, however, would not be suppressed by external rotation,
which implies that only a dynamically stable stationary vortex
state can become the rotating ground state.
[93] H. Takeuchi, S. Ishino, and M. Tsubota, Phys. Rev. Lett. 105,
205301 (2010).
[94] C. Hamner, J. J. Chang, P. Engels, and M. A. Hoefer, Phys.
Rev. Lett. 106, 065302 (2011).
[95] S. Ishino, M. Tsubota, and H. Takeuchi, Phys. Rev. A 83,
063602 (2011).
[96] A. E. Leanhardt, A. Görlitz, A. P. Chikkatur, D. Kielpinski,
Y. Shin, D. E. Pritchard, and W. Ketterle, Phys. Rev. Lett. 89,
190403 (2002).
[97] A. E. Leanhardt, Y. Shin, D. Kielpinski, D. E. Pritchard, and
W. Ketterle, Phys. Rev. Lett. 90, 140403 (2003).
[98] M. Kumakura, T. Hirotani, M. Okano, T. Yabuzaki, and
Y. Takahashi, Laser Phys. 16, 371 (2006).
[99] M. Kumakura, T. Hirotani, M. Okano, Y. Takahashi, and
T. Yabuzaki, Phys. Rev. A 73, 063605 (2006).
[100] M. Möttönen, V. Pietilä, and S. M. M. Virtanen, Phys. Rev.
Lett. 99, 250406 (2007).
[101] Z. F. Xu, P. Zhang, C. Raman, and L. You, Phys. Rev. A 78,
043606 (2008).
[102] Z. F. Xu, R. Q. Wang, and L. You, New J. Phys. 11, 055019
(2009).
[103] Z. F. Xu, P. Zhang, R. Lü, and L. You, Phys. Rev. A 81,
053619 (2010).
16
[104] P. Kuopanportti, B. P. Anderson, and M. Möttönen, Phys. Rev.
A 87, 033623 (2013).
[105] Reference [74] addresses (3,−3) and (10,−10) vortices at Γ =
0.9 and P = 0 and reports the values |ldom| = 5 and |ldom| = 15,
respectively.
[106] S. Bandyopadhyay, A. Roy, and D. Angom, Phys. Rev. A 96,
043603 (2017).
[107] R. Navarro, R. Carretero-González, and P. G. Kevrekidis,
Phys. Rev. A 80, 023613 (2009).
[108] K. L. Lee, N. B. Jørgensen, I.-K. Liu, L. Wacker, J. J. Arlt,
and N. P. Proukakis, Phys. Rev. A 94, 013602 (2016).
[109] S. Mistakidis, G. Katsimiga, P. Kevrekidis, and P. Schmelcher,
New J. Phys. 20, 043052 (2018).
[110] K. Sasaki, N. Suzuki, D. Akamatsu, and H. Saito, Phys. Rev.
A 80, 063611 (2009).
[111] D. Kobyakov, V. Bychkov, E. Lundh, A. Bezett, V. Akkerman,
and M. Marklund, Phys. Rev. A 83, 043623 (2011).
[112] T. Kadokura, T. Aioi, K. Sasaki, T. Kishimoto, and H. Saito,
Phys. Rev. A 85, 013602 (2012).
[113] H. Takeuchi and M. Tsubota, J. Phys. Soc. Jpn. 75, 063601
(2006).
[114] K. Kasamatsu, H. Takeuchi, M. Tsubota, and M. Nitta, Phys.
Rev. A 88, 013620 (2013).
[115] K. Kasamatsu, H. Takeuchi, and M. Nitta, J. Phys.: Condens.
Matter 25, 404213 (2013).
[116] T. Isoshima and K. Machida, Phys. Rev. A 59, 2203 (1999).
[117] S. M. M. Virtanen, T. P. Simula, and M. M. Salomaa, Phys.
Rev. Lett. 86, 2704 (2001).
[118] S. Virtanen, T. Simula, and M. Salomaa, J. Phys.: Condens.
Matter 13, L819 (2001).
[119] J. Brand and W. P. Reinhardt, Phys. Rev. A 65, 043612 (2002).
[120] S. Komineas and N. Papanicolaou, Phys. Rev. A 68, 043617
(2003).
[121] C. Becker, K. Sengstock, P. Schmelcher, P. Kevrekidis, and
R. Carretero-González, New J. Phys. 15, 113028 (2013).
[122] S. Donadello, S. Serafini, M. Tylutki, L. P. Pitaevskii, F. Dal-
fovo, G. Lamporesi, and G. Ferrari, Phys. Rev. Lett. 113,
065302 (2014).
[123] M. J. H. Ku, W. Ji, B. Mukherjee, E. Guardado-Sanchez, L. W.
Cheuk, T. Yefsah, and M. W. Zwierlein, Phys. Rev. Lett. 113,
065301 (2014).
